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min
x∈X

c�x s.t. f(x, u) ≤ 0, ∀u ∈ U (1)

U

f(x, u) x X , U

1

minx∈X maxu∈U g(x, u)

(1) t g(x, u) ≤ t

min
x∈X,t

t s.t. g(x, u) ≤ t, ∀u ∈ U

(1) gi(x, u) ≤ 0, i = 1, . . . , m,

f(x, u) = maxi=1,...,m gi(x, u) ≤ 0 (1)

U (1)

U

1

(1)



1:

2: U

1 maxu∈U f(x, u) ≤ 0

min
x∈X

c�x s.t. f(x, u) ≤ 0, ∀u ∈ U . (2)

U

U = [a0 − ā, a0 + ā] : (Soyster [9])

ā ≥ 0 (2) 1

max
a∈U

a�x = a�
0 x + ā�|x| ≤ b (3)

y

a�
0 x + ā�y ≤ b, − y ≤ x ≤ y, y ≥ 0

(2) 2

( ) U

(3)



U = {a0 + Au : ‖u‖ ≤ 1} : (Ben-Tal&Nemirovski [2])

a u

U

U (2)

max
u:‖u‖≤1

(a0 + Au)�x ≤ b

= a�
0 x + max

u:‖u‖≤1
(A�x)�u

2 u∗ = A
�

x
‖A

�

x‖
1

a�
0 x + ‖A�x‖ ≤ b (2)

min
x

c�x s.t. a�
0 x + ‖A�x‖ ≤ b

[2, 5] U
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U

( ) U

Calafiore&Campi U

P P u ∈ U

u ∈ U

(C-C ) x̂ V (x̂) = P{u ∈

U : f(x̂, u) > 0}

(K-T ) fmax(x̂) = maxu∈U f(x̂, u)

V (x̂) fmax(x̂) x̂

N

(1) U N

N (PN)

(PN) | min
x∈X

c�x s.t. f(x, ui) ≤ 0, i = 1 . . . , N,

(PN) x̂N Calafiore&Campi (1)

V (x̂N) x̂N



3: f(x, U)

V (x̂N) ≤ ε N

ε η (n x )

N(ε, η) =
2

ε
log

1

η
+ 2n +

2n

ε
log

2

ε

1 (Calafiore&Campi [3]) ε ∈ (0, 1), η ∈ (0, 1) N > N(ε, η)

(PN) x̂N 1 − η V (x̂N ) ≤ ε

ε

ε 0 ( N(ε, η) (PN)

)

fmax(x̂N) 1

2 (Kanamori&Takeda [6]) ε ∈ (0, q(B)), η ∈ (0, 1) N > N(ε, η)

(PN) x̂N 1− η V (x̂N) ≤ ε fmax(x̂N) ≤ q−1(ε)

2 q(δ), 0 ≤ δ ≤ B, f(x, U) ( 3 )

p(δ, x) := P

{
max
u∈U

f(x, u) − δ < f(x, U)

}

0 ≤ q(δ) ≤ p(δ, x), 0 ≤ δ ≤ B, (∀x ∈ X) (4)

(1) f(x, u) u

|f(x, u) − f(x, v)| ≤ L‖u − v‖, ∀x ∈ X, ∀u, ∀v ∈ U

(2) U 1

1 ( ) [6]



(3) P U ( )

q(δ) B [6]

q(δ) B L U U :=maxu,v∈U ‖u − v‖ U

U U

U U

U [6]

q(δ) B [6]

2 q−1(ε) ε ε

(PN)

N 2 “ ”

ε N(ε, η)

(PN) “

”

3 (Kanamori&Takeda [6]) N (PN) x̂N

δ ∈ (0, B], η ∈ (0, 1) M(≥ ln η

ln(1−q(δ))
) U

ũ1, . . . , ũM fmax(x̂N)

P M

{
fmax(x̂N) < max

i=1,...,M
f(x̂N , ũi) + δ

}
≥ 1 − η

(PN) x̂N U ũ1, . . . , ũM

M f(x̂N , ũi)

(1) N (PN)

x̂N 3

max
i=1,...,M

f(x̂N , ũi) + δ

0 x̂N (1) 0

N (PN)

0
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Kouvelis&Yu
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• (Absolute Robustness)

min
x∈X

max
u∈U

f(x, u). (5)

• (Deviation Robustness)

(RD) | min
x∈X

max
u∈U

{f(x, u) − f ∗(u)} , (6)

f ∗(u) = minx∈X f(x, u).

• (Relative Robustness)

min
x∈X

max
u∈U

f(x, u) − f ∗(u)

f ∗(u)
,

f ∗(u) = minx∈X f(x, u).

(5) (1) (6)

f ∗(u) u

(6) f ∗(u)

(5) (6)

[12] [1, 11]

Deviation Robustness

(6) f(x, u) x f ∗(u)

u (6)

(RD)

(RDN)
min
x∈X,t

t

s.t. f(x, ui) − f ∗(ui) ≤ t, ∀i = 1, . . . , N.

f(x, u) x u1, . . . , uN

f ∗(ui) = min
x∈X

f(x, ui) = f(xi, ui), i = 1, . . . , N, (7)

f ∗(ui) (RDN)

(RDN)

(CRPN)

min
x∈X,t

t

s.t. f(x, u) − f(x1, u) ≤ t, ∀u ∈ U

. . .

f(x, u) − f(xN , u) ≤ t, ∀u ∈ U



xi f ∗(ui) i

f(x, u)−f(xi, u) ≤ t, ∀u ∈ U , u = ui f(x, ui)−f ∗(xi) ≤ t

(RDN) i (RDN)

(CRPN) (CRPN) (RDN)

2

4 ε ∈ (0, q(B)), η ∈ (0, 1) N ≥ N(ε, η) . opt(RD)

(CRPN) (RDN ) opt(CRPN) opt(RDN)

1 − η

opt(RD) − opt(CRPN) ≤ opt(RD) − opt(RDN) ≤ q−1(ε)

Proof (RDN ) (x̂N , t̂N) 2 (RDN)

1 − η

max
u∈U

{
f(x̂N , u) − f ∗(u) − t̂N

}
≤ q−1(ε) (8)

t̂N (RDN)

maxu∈U {f(x̂N , u) − f ∗(u)} (8)

min
x∈X

max
u∈U

{f(x, u) − f ∗(u)} − min
x∈X

max
i=1,...,N

{f(x, ui) − f ∗(ui)} ≤ q−1(ε)

opt(RD)− opt(RDN) ≤ q−1(ε) opt(RDN) ≤ opt(CRPN)

�

4

3

5 N (CRPN) (x∗
N , t∗N) η ∈ (0, 1) δ ∈

(0, B] M ≥ � ln η

ln(1−q(δ))
� U

ũ1, . . . , ũM

βM = max
i=1,...,M

{f(x∗
N , ũi) − f ∗(ũi) − t∗N}

1 − η

opt(RD) − opt(CRPN) < βM + δ (9)



(CRPN)

:

?

:

yesno

(CRPN)

(CRPN)

4:

5

4 x∗
N

ζ + δ t∗N 1− η

N = N0 (CRPN) (x∗
N , t∗N)

V = {i : f(x∗
N , ũi) − f ∗(ũi) − t∗N > 0}

N > N0 (CRPN)

5

max
x∈X

μ�x − rf√
x�Qx

,

Q rf ≥ 0

Krishnamurthy[8] μ

μ = μ0 +
�∑

j=1

ujμj , u ∈ U := {u : ‖u‖ ≤ 1}

min
x∈X

max
u∈U

{f ∗(u) − f(x, u)} (10)
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5: (CRPN) (RDN)
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6: (CRPN) and (RDN)

X := {x : x ≥ 0, e�x = 1},

f(x, u) =
(μ0 +

∑�

j=1 ujμj − rfe)�x√
x�Qx

, and f ∗(u) = max
x∈X

(μ0 +
∑�

j=1 ujμj − rfe)�x√
x�Qx

.

f ∗(u)−f(x, u)

(RDN) (CRPN) f ∗(ui)− f(x, ui) ≤ t

(i = 1, . . . , N) f(xi, u) − f(x, u) ≤ t, ∀u ∈ U (i = 1, . . . , N)

[8]

(RDN) (RDN) f ∗(ui) i = 1, . . . , N

(RDN ) Takeda,Taguchi-Tanaka[10]

(10) (CRPN)

f ∗(ui) i = 1, . . . , N

(CRPN)

20 (x ∈ IR20) � = 4 (u ∈ IR4) (CRPN) (RDN)

/ . μj , j =



1: opt(RD) − opt(CRPN) (η = 0.01)

ε N(ε, η) q−1(ε) R.err [%]

0.787 100 1.397 131.8

0.125 1000 0.724 68.3

0.020 10000 0.429 40.4

2: opt(RD) − opt(CRPN) (η = 0.01)

x∗
N1

(N1 = 100) x∗
N2

(N2 = 1000)

δ M βM A.err R.err [%] M βM A.err R.err [%]

0.15 2297 0.030 0.180 16.9 2294 0.006 0.156 14.7

0.10 11074 0.016 0.116 11.0 11057 0.006 0.106 10.0

0.05 169026 0.031 0.081 7.6 168759 0.010 0.060 5.7

x∗
N3

(N3 = 10000)

δ M βM A.err R.err [%]

0.15 2285 -0.077 0.073 6.9

0.10 11013 -0.020 0.080 7.5

0.05 168073 -0.003 0.047 4.4

0, 1, . . . , 4 (CRPN) [10]

u1, . . . , uN 100 (CRPN) (RDN)

(100 ) 5

(RD) N = 5×104 (CRPN)

(t∗N = 1.060) (RD) 5 (CRPN)

(RDN) f ∗(ui) i = 1, . . . , N

6

(CRPN)

(CRPN) 1

N(ε, η) η ε q−1(ε)

R.err R.err := q−1(ε)

|opt(RD)|
× 100

1

N = 103

q−1(ε) = 0.724 99% 5

N = 103 (CRPN)

2 N = 102, 103, 104 (CRPN )

βM = max
i=1,...,M

{f ∗(ũi) − f(x∗
N , ũi) − t∗N}



3: (N0 = 10 η = 0.01 ζ = 0.01)

δ = 0.15 ( ζ + δ ≤ 0.16 )

itr. V.rate (V/M) βM t∗N

1 42/2274 0.275 0.856

2 0/2276 -0.043 1.041

δ = 0.10 ( ζ + δ ≤ 0.11 )

itr. V.rate (V/M) βM t∗N
1 248/10963 0.275 0.856

2 0/11002 -0.012 1.057

δ = 0.05 ( ζ + δ ≤ 0.06 )

itr. V.rate (V/M) βM t∗N
1 3653/167295 0.349 0.856

2 0/168250 -0.004 1.060

A.err := βM + δ A.err := A.err
|opt(RD)|

× 100 . N = 102

(CRPN) δ = 0.05 A.err = 0.081

q−1(ε) = 1.397

δ M βM

x∗
N

(CRPN) (CRPN)

N0 δ η

ζ 4 1 − η

opt(RD) − opt(CRPN) ≤ ζ + δ

(RD) opt(CRPN) N0 = 10

η = 0.01 ζ = 0.01 (10) 3

δ

ũ1, . . . , ũM V.rate (V/M) M V

(x∗
N , t∗N) M

V

3 δ

(10) 2 δ = 0.05

N = 5× 104 (CRPN) (t∗N = 1.060)

1 N = 10 (CRPN ) 3653

2 N = 3663 (CRPN) (

ζ + δ ≤ 0.06) t∗N = 1.060
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